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A numerical model of the air flow above water waves. Part 2 
By P. R. GENT 

Department of Oceanography, University of Southampton, Englandt 

(Received 27 October 1976 and in revised form 8 February 1977) 

Further results from the nonlinear numerical model of the air flow in a deep turbulent 
boundary layer above water waves described in Gent & Taylor (1 976) are presented. 
The results are calculated with the surface roughness zo both constant and varying 
with position along the wave. With the form used when zo varies, the fractional rate 
I61 of energy transfer per radian advance in phase due to the working of the pressure 
forces is larger than for zo constant both when the transfer is from wind to waves and 
when it is from waves to wind. The latter case occurs when the waves are travelling 
faster than, or against, the wind. The energy transfer rates are compared with other 
theoretical predictions and with recent field observations. 

1. Introduction 
In  a previous paper (Gent & Taylor 1976, hereafter referred to as G & T), a nonlinear 

turbulent numerical model was proposed for the steady air flow above an infinite train 
of monochromatic two-dimensional waves. It was shown how nonlinear effects could 
become important as the wave amplitude increased and that the assumption of 
linearization in terms of the maximum wave slope ak used in the previous inviscid 
theory of Miles (1957, 1959) and the previous turbulent theories of Townsend (1972) 
and Long (1971) is valid only for ak < 0.05. G & T also showed that the fractional 
rate 6 of energy input per radian advance in phase decreased with increasing wave 
amplitude. For constant surface roughness zo the predicted values of 6, at small ak, 
were in close agreement with the predictions of the linear theories, which, surprisingly, 
are all very similar. Computations were also made in which zo was allowed to vary 
with position along the wave, however, to try to model the concentration of smaller 
gravity and capillary waves just forward of the wave crest; see Longuet-Higgins 
( 1 9 6 9 ~ )  and Keller & Wright (1975). In  this case, if the variation in zo waa half its 
mean value, the predicted values of 6 could be increased by a factor of between two 
and three for small amplitude waves. This brings g more into line with the laboratory 
work of Shemdin (1969) and the field measurements of Elliott (1972). Other field 
experiments by Dobson (1971 a )  and Snyder (1974) gave larger and smaller values of g 
respectively. 

The present paper reports more results from the numerical model described in G 
& T but in different regions of parameter space. First, two series of runs with increasing 
amplitude are presented to highlight the nonlinear effects of the change in form and 
phase of the pressure and stress fields. In G & T, U,/c was varied by keeping the phase 
speed c, or equivalently the wavelength, of the wave constant and altering the speed 

t Present address : National Center for Atmospheric Research, Boulder, Colorado 80307. 
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U5 of the wind at  5 m. In the present paper U5 is kept constant while the wavelength 
of the wave is varied. These runs are compared and contrasted with the results in 
G & T in the range of U5/c where energy is transferred from wind to waves. Further 
predictions are then presented where the energy transfer due to the pressure field is 
from the waves to the wind. This situation occurs when waves travel either faster 
than or against the wind. Finally, when the waves and wind are in the same direction, 
the possibility is explored of being able to predict whether the energy transfer due 
to the pressure field is to or from the waves, given their wavelength and the wind 
speed U'. This also leads to predictions of the variations in the value of U'/c when the 
direction of energy transfer changes. 

2. The numerical model 
The numerical model is exactly that described in detail in G & T, and the reader is 

referred to $8 2 and 3 of that paper for details. When the waves are travelling against 
the wind (c < 0) ,  the air velocities are positive everywhere in the frame of reference 
moving with the waves. Thus the relaxation method described in the appendix of 
Taylor, Gent & Keen (1976) can be used to solve the differential equations. This 
method was used in preference to artificial compressibility for c < 0 as the computa- 
tions converged more rapidly. 

3. Variable roughness length 
Results will be presented later in this paper where the roughness length is allowed 

to vary with position along the wave. This is to try to model the effect of shorter gravity 
and capillary waves, which were shown to be steepest just forward of the crest by 
Longuet-Higgins ( 1 9 6 9 ~ ) .  Keller & Wright (1975) have recently made observations 
of this effective change in roughness and found the maximum roughness to occur 
between 30' and 60" forward of the crest depending upon u, and ak; see their figure 6 .  
Thus there is some support for taking z,, to be of the form 

zo = Z0[1-ycos(k~T &)] for c>< 0. (3.1) 

y is given the value 0.5 when ak = 0.01, increasing to 0.75 when ak = 0.157. The 
variation of zo is introduced into the program through a wall-layer approximation 
described in $ 5  of G & T. There is one small, but interesting, difference however. 
Taking the square root of equation (5.4) of G & T gives 

hB = I#rl+TO1 = 171, (3.2) 

where 7,(,5) is the surface shear stress and # ( E )  = 2. Thus, in the wall layer, the tur- 
bulent energy is proportional to the modulus of the shear stress, which is often assumed 
as a turbulent closure, e.g. see Townsend (1972). In  some computations presented 
later in this paper, the surface stress is negative over some regions of the wave surface. 
Thus 7, >> $7 does not hold everywhere and a in the wall layer must be calculated 
from 

(3.3) 

in these regions, and not from equation (5.6) of G & T. It is shown in a note on separa- 
tion over short wind waves by Gent & Taylor (1977) that separation over water waves 

(JiU),, = 1467 +7,l sgn ($7 + 7 0 ) / ~ ( J - h  + z o )  



ak
 

0.
01

 
0.

05
 

0.
1 

0.
15

7 
0.

22
6 

0.
31

4 

P
h
as

e 
of

 p
re

ss
ur

e 
m

ax
im

um
 fr

om
 

tr
o
u

g
h
 in

 x
 

0.
00

9 
3-

3"
 

0.
00

8 
3"

 
0.

01
 

3.
7"

 
0.

01
4 

5.
1"

 
0.

02
1 

7.
5"

 
0.

03
5 

12
.6

" 

P,, 
- P

d
n

 

P
4

 
22

.1
 (2

21
0a

k)
 

10
6.

9 
(2

13
8a

k)
 

19
3 

(1
93

0a
k)

 
24

6 
(1

56
4a

k)
 

24
8 

(1
10

7a
k)

 
21

2 
(6

75
ak

) 

T
A
B
L
E
 1.
 

P
h

as
e 

of
 s

tr
es

s 
m

ax
im

um
 

fr
om

 c
re

st
 in

 x
 

-
 0.

05
6 

-
 20

.2
" 

-
 0.

05
1 

-
 18

.3
" 

-
 0.

04
4 

-
 15

.9
" 

-
 0.

03
7 

-
 13

.4
" 

-
 0.

03
4 

-
 12

.1
" 

-
 0.

02
4 

-
 8.

5"
 

R
 =

 9,
 c

 =
 -
 14

 u
,,
 z,
, 

co
n

st
an

t.
 

7
m

x
 -7

m
in

 

0.
19

 (
19

ak
) 

0.
93

 (
18

-6
ak

) 
1.

65
 (1

6.
5a

k)
 

1-
97

 (1
2-

5a
k)

 
2 

(8
.9

ak
) 

2.
01

 (
6.

4a
k)

 

P
: 

F
ra

ct
io

n
al

 ra
te

 

of
 e

ne
rg

y 
su

pp
ly

 
b
 

P
re

ss
u

re
 

in
u

n
it

so
f 

$
' 

6 =
 2

P
zl

(a
k)

2 

co
n

tr
ib

u
ti

o
n
 

p.
 e)

a 3
 

s 
P
Z
 

P
W

 
-
 &
 

0.
00

22
 

- 4
4 

0.
05

4 
- 4

3.
4 

$
 

0.
20

1 
- 4

1.
3 

s 0
 8 B 

0.
45

 1
 

- 3
6.

6 
0-

74
1 

- 2
9.

4 
Y

 

1.
06

6 
- 2

1.
6 

$
 

VJ w
 

en
 

C
 



362 P. R. Gent 

FIGURE 1. Surface pressure and shear stress for R = 9, 
c = - 14u0, ak = 0.157 and zo constant. 

does not occur a t  points where the shear stress is zero, and that regions of negative 
surface shear stress do not qualitatively alter the streamline pattern in the air flow 
above the waves. 

4. Nonlinearity 
In G & T, the approach was to keep the wavelength, and hence the phase speed, 

of the wave fixed, and to alter U5/c by assuming different values for the friction 
velocity uo, and hence U,. In this paper the approach will be different. We assume 
fixed values of 0.005 cm and 15 cm/s respectively for the roughness length xo and uo. 
This gives 27, = 2 8 . 7 8 ~ ~  from the logarithmic formula 

for flow over a plane surface with K = 0.4. Thus the wind at  5 m is fixed at a value of 
4.32 m/s. UJc is now varied by altering the wavelength of the waves, A value is first 
chosen for the quantity R defined by (cf. Townsend 1972) 

R = -In kz0. (4.2) 

This determines the wavenumber k, the phase speed, assumed to be c = (g/k)&, and 
hence the value of c/uo, which, for convenience, is rounded to the nearest integer. 
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2a 

a 

0 

-a  

FIGURE 2. Streamlines for same run as figure 1. Vertical scale x 10. 

To show the nonlinear effects two series of computations were made at  fixed wave- 
lengths with zo constant and with the wave amplitude increasing up to ak = 0.314, 
or a = &L. The series were selected as typical of the two regions of parameter space 
where the energy transfer is from the waves to the wind. The first (table 1 )  has the waves 
travelling against the wind with R = 9 and corresponds to L = 2.55 m, c = - 1-99 m/s 
and U& = - 2.17. Linear theories predict constant phases and magnitudes, expressed 
as multiples of ak, for the pressure and stress. Table 1 shows how these quantities vary 
as ak  increases. The variations in the phases are relatively small, but both the decrease 
in the magnitudes and the asymmetry of the pressure field are significant as akincreases. 
The fractional rate 5 of energy transfer per radian advance in phase is given by 

5 = (- c ( p  +F) dZJdx), (4.3) 

where the angle brackets denote an average over the wave form and zb is the wave 
surface shape given by equations (2.1) and (2.3) in G & T. Table 1 shows that 151 
decreases markedly as ak  increases. These results confirm the conclusion in G & T 
that the nonlinearity of the flow becomes important when a k  > 0.05. Figure 1 shows 
the surface pressure and stress for R = 9, c = - 14u0 and ak  = 0.157. There are three 
points to note. First,, the +x direction is always the wind direction in a stationary 
frame. Thus the waves are propagating in the -x direction, and so a positive phase 
shift of the pressure maximum, from its equilibrium position over the trough, corre- 
sponds to energy transfer from the waves to the wind due to form drag. Second, at  
this value of a k  and as a consequence of nonlinearity, the distributions are not of the 
pure sinusoidal form predicted by linear theory. Third, the stress is negative in a 
small region around the trough, but this does not imply separation (see Gent & Taylor 
1977) and leaves the streamline pattern in the frame moving with the waves quali- 
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12 - A - 1 0 5  

- 10 

0 0.25 0.5 0.75 - 1.0 
Trough Crest Trough 

5IL 
FIQURE 3. Shear-stress contours for same run 

as figure 1. Logarithmic vertical scale. 

tatively unaltered. The pattern is shown in figure 2 ;  the streamlines were calculated 
from 

J Zb 

where U, is the Cartesian velocity in the x direction, and are plotted vs. x and z,  
with the vertical scale multiplied by a factor of ten. When the waves are against the 
wind there is no critical layer and so, incidentally, the Miles shear-flow mechanism 
cannot work in reverse. The streamline pattern has no region of closed streamlines 
and just follows the surface in the + x direction. Figure 3 shows shear-stress contours 
for the same run in order to emphasize the prediction of elevated stress extrema. In  
this case, they are the absolute extrema, the elevated range being x 3 p a 4  compared 
with the surface range of w 2pa u;. The elevated extrema occur at a height of about 
0-1L and a little downwind of the surface extrema, and are almost 7~ out of phase 
with them. This is a general feature of all the results but may depend upon the closure 
hypotheses. The vertical scale in figure 3 is logarithmic and the surface features reach 
to a height of only about 0.006L. 

The second series of computations is shown in table 2, and has R = 11 with 
L = 18.8m, c = 5.42mls and UJc = 0.8. Here the waves are travelling in the same 
direction as, but faster than, the wind, and the energy transfer is from the waves to 
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FIGURE 4. Streamlines for R = 11, c = 36u,, ak = 0.187 
and z, constant. Vertical scale x 10. 

the wind. Table 2 again shows only small variations in the phases in contrast to the 
cases given in G & T. It is interesting that in table 2 the magnitudes of the pressure 
and ICl do increase slightly as ak increases. For R = 11 and c = 36u0, the critical layer 
is high: at about 190a according to (4.1) for ak = 0.157. It should be noted that the 
model predicts reduced winds at 5 m compared with (4.1) when uo is held fixed, and 
this slight reduction increases with increasing ak. When calculating UJc, however, 
(4.1) has been used and this variation ignored. This effect would tend to increase the 
height of the critical layer, which is well above the top of the model, which is at about 
1-2L or 48a. The streamline pattern in the frame moving with the waves is shown in 
figure 4 and, like that in figure 2, is relatively unexciting, since it is below the closed- 
streamline region, and again just follows the surface but this time in the - x direction. 

5. Energy transfer from wind to waves 
Tables 3 and 4 give series of results when the waves are travelling in the same 

direction as the wind for xo constant and varying respectively. The range of R used 
was limited at  the upper end by the amount of computer time used for long waves 
and at the lower end by a reluctance to apply the model’s closure hypotheses to flow 
over very short waves. When R = 6, the wavelength is 12-67 cm and the critical layer 
is at 2*322,, which is well inside the viscous sublayer, whose depth is M 5ulu,. The model 
neglects details of the viscous sublayer, where the velocity profile is linear, however, 
and assumes the logarithmic form right down to the surface. 

In figure 5 the phases of the pressure maximum (always caIculated relative to the 
wave trough) from table 3 (xo  constant) are plotted against clue together with the results 
from table 3 in G & T, in order to compare the results from the two different approaches. 
Note that the limits shown are for ak = 0.01 and 0.157 and that in most cases results 
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FrauRE 5. Phase difference of pressure maximum measured from wave trough against 
c/uo for zo constant. + , ak = 0.01; x , ak = 0.157; -, table 3; ---, table 3 of G & T. 

for intermediate values of ak would lie on the line joining these two values; also note 
that the R = 8, c = 8u0 results are common to both series. Figure 5 shows that the 
overall shape of the two sets of results is very similar, as is the maximum predicted 
phase shift of about 110". However, for c > 8u0 the results when uo is fixed and c 
varies are shifted to somewhat higher c/uo than the curve for fixed e and variable u,. 
The limits c/u0+ 0 are different. The phase is 10°-15c and decreasing in the limit of 
no wind over a fixed wave, whereas it is about 15"-25" and almost constant in the 
limit of short waves with a given wind speed. This difference is due to the different 
values of LIZ, in the two cases. More interesting, however, is the value of c/uo where the 
model predicts zero pressure phase. This is c/uo z 20 for a fixed wavelength but 
c/uo M 25 for a fixed wind. This value is the important factor in determining the value 
of U,/c where the pressure phase is zero, although zo also affects the value through the 
ratio U5/uo. The results show that the value of U5/c where the pressure phase is zero 
will decrease with increasing wavelength, and that variations in this 'critical' value of 
U,/c are to be expected. There is considerable scatter in the observed values (see 
figure 6) and more will be said on this subject in $7 .  

Figure 6 is a plot against UJc of the phase of the pressure maximum for computations 
with zo varying from table 4. As in G & T, for ak = 0.01 and y = 0-5 this reduces the 
maximum phase to about 4 5 O ,  but for ak = 0-157 and y = 0.75 the variable surface 
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roughness has little effect, and the values are close to those for zo constant. Also plotted 
in figure 6 are the observations of Dobson (1971a), Elliott (1972) and Snyder (1974). 
Although there is wide scatter in the observations, it may be said, in general, that 
the zo-varying results for very small amplitude are more in line with the observa- 
tions, especially those of Elliott. The model always predicts very high gradients of 
pressure phase for values of u& just larger than the value where the phase is zero, 
and so a small change in Ub/c makes a large difference to the pressure phase. Thus 
gustiness in the wind, causing changes of say 10-20 yo in U5/c, is predicted to cause 
large changes in the pressure phase, and this may well be one reason for the large 
scatter in the observations a t  sea. Another difficulty arises from the Fourier analysis 
of observations, since this relies on linearity and assumes no phase variation with 
wave height. Figure 7 shows the rate 6 of energy input per radian advance in phase 
plottedagainst U5/c for zovarying (see table 4). The higher values are for ak = 0.01 and 
y = 0.5 while the lower values are for ak = 0-157 and y = 0.75, which are similar to the 
constant-z, values. Also plotted are the observations of Dobson, Elliott and Snyder. 
Detailed comparisons are made in G & T, but it should be noted that the ak = 0.01 
values are between two and three times the predictions from linear theories, and 
again our results compare best with Elliott’s observations. Preliminary results from 
the most recent observations in the Bight of Abaco by Dobson, Elliott, Long & 
Snyder (private communication) suggest values of 5 similar to those of Elliott (1972). 

6. Energy transfer from waves to wind 
Phillips (1966, p. 148) says that ‘The processes involved in the attenuation of the 

longer gravity w&ves have been aImost as elusive as those of generation.’ Nonlinear 
wave-wave interaction must play an important role in the attenuation of long gravity 
waves and swell, and will probably be the dominant factor when the waves propagate 
with the wind. Energy transfer to the wind may be an important factor, however, 
when the waves are against the wind. Both cases will be considered. 

Some results for cases when the waves are travelling faster than the wind are given 
in tables 3 and 4. The pressure phases (figures 5 and 6) have minima of approximately 
- 15” occurring at c w 28u,, or U5/c w 1, and then the phases slowly tend towards 
zero as Ub/c decreases and c/uo increases. The minimum value of U51c for which we have 
results is 0.8, but we should expect the pressure phases to continue to be negative 
and to tend to zero as U,/c+O. These phases compare best with Snyder’s (1974) 
observations (see figure 6). The general pattern of our predictions compares well with 
his observations (his figure 18)) whose minimum is at  U5/c w 0.8, but the observational 
minimum is somewhat lower, at  about -30°, and the phase does become positive 
again for U51c closer to zero. However, the agreement is encouraging. Dobson (1971 a )  
still has positive phases for c/uo up to 40, while Elliott (1972) has a few observations 
of negative phases for 1 < U5/c < 2 but observed a greater number of positive phases 
in the same range. 

From tables 3 and 4 it  is clear that the magnitude of the pressure field has a minimum 
at c w 25u,, but then increases rapidly as c/uo increases. When the waves propagate 
faster than the wind, however, the pressure phase is small, and this also keeps the 
energy input rate 5 calculated from (4.3) small. Expressed as a multiple of (pa/pw) ( U ~ / C ) ~ ,  

it lies in the range - 10 < 5 < 0, and it should be noted that the predictions of the 
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FIGURE 8. Phase difference of pressure maximum measured from wave trough agahst u,/c. 
+, ak = 0.01; x , ak = 0.157; -, zo constant; 0, ak = 0.01, y = 0.5; 0, ak = 0.157, y = 0.75; 
--- , zo varying. 

pressure phase and 5 for xo constant and varying are very similar in this region of 
parameter space. If the values of ItJ (p,/p,) (c/uo)2 in tables 3 and 4 were constant as 
U,/c decreased, then, for constant uo, 151 would decrease as c-~, i.e. in inverse proportion 
to the wavelength. Thus we predict that the attenuation rate due to  form drag for 
waves travelling faster than the wind decreases almost as fast as L-l. 

Several runs have been made when the waves are travelling against the wind 
(c < 0) and the results for constant zo are shown in table 5.  The shorter gravity and 
capillary waves will probably still be on the forward slope of the longer waves (in the 
direction of travel), so the roughness maximum is in backwards from the crest in 
terms of kt, since the positive direction is that of the wind. Thus the variable-roughness 
results in table 6 have 

(6.1) 

The pressure phases from +he two tables are plotted again8t U,/c in figure 8, which 
shows them to be very similar. All the phases are relatively small, less than 1 8 O ,  and 
decrease monotonically as IU,/cl decreases. We should expect the phases to continue 
to tend monotonically towards zero as U,/c 3 0 and not to  change sign, so that waves 
of all wavelengths axe attenuated by the action of pressure forces. There are very 
few observations for comparison. Dobson (1971 b)  observed a group of 3-4s sea waves 
in a light adverse wind of 2*2m/s. Thus U,/c x -0.5 and the observed phase was 

zo = z o [ l - ~ c o s ( k ~ + ~ n ) ] .  
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FIGURE 9. Fractional rate - 6 of energy loss per radian advance 
in phase against VJc. Same notation as in figure 8. 

15' ~f: 5'. This is somewhat larger than our prediction. Dobson (private communication) 
has recently analysed some data from the Bight of Abaco where the waves wera against 
a very light wind. The pressure phases are both positive and negative and are between 
+ 5 O .  This is less than the error bars for the measurements, so that, the only safe 
conclusion is that the phases are very small, in agreement with our model. The only 
other observations are those of Snyder (1974), which do not agree at all with our 
predictions. They show large pressure phases, greater than 90°, for - 1 < U5/c < 0 
and negative phases for U5/c < - 2, indicating energy transfer from wind to waves. 

In figure 9, - <is plotted against U5/c from the values in tables 5 and 6. Although the 
pressure phases are similar for small amplitudes, the increase in pressure magnitude 
when zo varies results in a, slightly higher value of - <compared with that for zo constant. 
As always, the values converge a9 ak increases. For longer waves with small ak, the 
values of < for zo constant and varying converge slowly, and both predict a rapid 
decrease in 161 as the wavelength increases. The energy transfer rate can be compared 
with the theoretical prediction in Phillips (1966) and the observation of Dobson 
(1971 b ) ,  Phillips considered the interaction of the turbulence and the wave-induced 
Reynolds stress and predicted that -< (his p, figure 4.19) is about 2 x 10-4 when 
c = 8uo and increases linearly with c/uo to about 6 x I OP4 when c = 36u0. In contrast 
we predict that, for zo constant, - < is about 6 x when c = 8u0 and decreases 
with c/uoto about 6 x when c = 36u0. In order to make a comparison with Dobson's 
value we must extrapolate our results to R = 12 and c = ~OU,. An estimated value of 
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- 6 of 105p,/pw (uo/c)z gives - 6 = 3-5 x which is an order of magnitude leas than 
Dobson's value of 3.8 x However, it happens to be the exact empirical value 
calculated by Sverdrup & Munk (1  947) in an early analysis of wave data. 

Longuet-Higgins (1969 b )  showed that a varying shear stress is dynamically equi- 
valent to a normal pressure fluctuation lagging &T behind the stress. The average stress 
at the surface can be thought of as working to produce a mean current or surface wind- 
drift current, whereas we have calculated the work done on the waves by the varying 
stress as proportional to (rzb). We have not given the values as the energy transfer 
due to stress is generally small, less that 20 % of that due to pressure, and is a smaller 
percentage in the main generation and attenuation regions of parameter space. 

Short waves propagating into the wind may well not be attenuated, as predicted 
above, but rather shorten and steepen, and then be dissipated by breaking. This is 
probably due to the fact that they are propagating into the surface wind-drift current, 
which is observed to be about 3 % of U,. This drift current is a sizable fraction of the 
phase speed of short waves, and can cause them to break; see Gent & Taylor (1977). 
They also discuss the sensitivity of the model to changes in the kinematic boundary 
condition a t  the air-water interface, equation (3.3) of G & T. When the phase speed 
is much larger than the drift current, however, waves propagating into the wind will 
be attenuated, so that the above calculations of the energy transfer rates due to form 
drag are more appropriate to longer waves and swell. 

Observations of swell are reported in a series of papers: Barber & Ursell (1948), 
Munk et al. (1963) and Snodgrass et al. (1966). Detailed analysis of the observations 
showed that swell could be identified that had been generated by severe storms as 
much as 20000km away and 20 days before. In one case the swell was generated in 
the Indian Ocean and passed between Antarctica and New Zealand on its great-circle 
route to California, where it was observed. In  our model, the fractional rate of energy 
loss decreases rapidly as the wavelength increases both when the wind is in the direction 
of and when it is against the swell. Because of the very high pressure magnitudes 
when c < 0 (0.02 mbar for R = 11 and ak = O a O l ) ,  we predict that the energy transfer 
rate is higher when the wind is against the swell. Further extrapolation (highly 
unjustified) of the results in table 6 suggests a maximum value of 200(p,/pw) ( U , / C ) ~  

for - 6  when ak = 0.01 and R = 14, which corresponds to very long swell of wave- 
length 377-8 m and period 15.56 s and to c = 162u0. Thus - 5 x 9 x and the wave 
amplitude will reduce to e-", or 4.32%, of its original value in just under 20 days, 
having travelled over 40 000 km, or once round the earth. Thus the model predictions 
are not inconsistent with these swell observations. 

7. At what value of U5/c does the energy transfer change direction? 
In observations of pressure phases a t  sea during active wave generation there is 

considerable scatter in the va.lue of U,/c a t  which the phase is zero, e.g. see figure 6. 
The range is about 1 < U,/c < 2,  and ail observations show a rapid increase in phase 
as U,/c increases ; the waves which are most actively generated having a slightly larger 
value of U,/c than that for which the phase is zero. In  $ 5  we described how the method 
of varying U,lc affected the value where the pressure phase was zero. We estimated 
the position of zero pressure phase from the values in tables 3 of this paper and G & T 
and the values for R = 8 , l O  and 12 from table 2 of Townsend (1972), all for constant zo. 



Air flow above water waves 

12 

10 

8 -  

1 rn . 
5 6 -  
s 

4 -  

2 -  

367 

' 

. 

01 I 1 
I I I 

4 5 6 I 8 9 10 
In L = R  +In 2nz0 

FIGURE 10. Plot of U, (in m/s) against In L (L  in cm) to predict the 
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We then used three different values of zo: 0.01, 0.008 and 0*005cm, which gave us 
fifteen points to plot, although some were very close together. A smooth curve could 
be drawn through most of the points and it is shown in figure 10, which is a plot of 
U, in m/s against In L, where the units of L are cm. Figure 10, then, indicates the 
direction of energy transfer due to form drag for given wind speeds and wavelengths. 
It can be only a rough guide, however, as small changes in In L when it is large mean 
considerable changes in the actual wavelength. More interesting, however, is the 
variation of U,/c along the line. Its value decreases monotonically from 1-5 when 
U, w 1.8m/s and L w 0.94m to 0.9 when U, = l l 4 m / s  and L = 102m. Thus we 
predict that the value of U,lc where the pressure phase is zero depends upon U, or L, 
and decreases as the wind speed and wavelength increase together. 

The effect of allowing the roughness length to vary with position along the wave is 
to reduce the value of c/uo where the pressure phase is zero. The effect of the corre- 
sponding increase in the value of U,/c would be to raise the curve in figure 10 slightly. 
Movement in the same direction is indicated by considering the working of the variable 
shear stress on the lower boundary. Here we are considering aregion where the pressure 
transfer is small, so that the transfer due to tangential stress becomes important, and 
can dominate when is very small. Our calculations indicate that inclusion of the 
work due to this stress would reduce the value of c/uo where the direction of energy 
transfer changes, again raising the curve in figure 10. This rise due to variable zo and 
the work of the variable surface shear stress could be reversed, however, by wave- 
wave energy transfer which gives energy to the longer wave components. 

The JONSWAP observations by Hasselmann et al. (1973) show that the frequency 
of the peak of the wave spectrum varies with fetch. Their figure 2.6 indicates that a 
good approximation is that the non-dimensional frequency f,, U,,/q at the peak is 
inversely proportional to the one-third power of the non-dimensional fetch xg/U:,. 
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From their observations the non-dimensional peak frequency at the longest fetch, 
which should correspond most closely to the theoretical results considered here, 
is 0.17. Using U, = O.94ulo, calculated from (4.1), this gives 

as the minimum value of U,lc at the peak of the wave spectrum at the longest fetch. 
This value of U,lc then increases as the fetch decreases, reaching a value of about 5 
for the short-fetch JONSWAP observations. 

8. Conclusions 
These further results from the numerical model of the steady, nonlinear, turbulent 

air flow over a train of two-dimensional monochromatic waves confirm the conclusion 
of G & T that allowing zo to vary with position along the wave can increase the energy 
input rate to small amplitude waves by a factor of between two and three. Here 
UJc is varied by keeping U, fixed and varying c,  and the graph of pressure phase against 
U,lc is shifted to smaller values of U,lc compared with that in G & T, where c was 
fixed and U, varied. Ssction 7 shows how the value of U& where the pressure is in 
exact antiphase with the wave form decreases with increasing Us and increasing 
wavelength. 

Further results, presented in Q 6, show that the energy transfer due to form drag 
is predicted to be from the waves to the wind when the waves travel faster than or 
against the wind. When the wind is against the waves, however, allowing 2, to vary 
with position produces little effect upon the energy transfer rates. 

In  summary, therefore, a variable roughness length only has a dramatic effect in 
ter& of altering the pressure phase and increasing 6 substantially for small ak, when 
the constant-z, pressure phase is large, i.e. in the main generation region. Where we 
predict wave attenuation, the constant-z, pressure phases are small, and here ti 
variable roughness length has only a small effect on the pressure phase and 6. 

Recently three different mechanisms by which short waves can influence the growth 
or decay of long waves have been investigated. The first is that the wind generates 
short waves which, if they dissipate preferentially near the long-wave crests owing 
to the influence of the long-wave field, transfer their momentum to the long waves. 
From their observations in a wave tank Larson & Wright (1975) suggested that the 
short waves could support the majority of the wind stress. Their observed growth 
rates for short waves are supported by the theoretical work of Valenzuela (1976) on 
short-wave growth due to linear instability of a coupled shear flow. However Garrett 
& Smith (1976) point out that at most a proportion of the wind stress equal to the 
long-wave slope can be transferred to the long waves by this mechanism. If the 
short-wave momentum is not generated solely at the long-wave crests, this proportion 
will reduce, and they conclude that although this mechanism may be significant for 
long-wave growth, i t  cannot account for it entirely. 

The second mechanism is the influence of the short waves on the tangential stress and 
its energy transfer direct to the long waves. Prom the computations presented in G & 
T and here, this influence is much smaller than the influence on the energy transfer 
due to normal stresses, and the values have not been quoted. This is for a mono- 
chromatic two-dimensional wave train, however, and Longuet-Higgins (1977) 
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illustrates that the energy transfer due to tangential stress may be important to 
relatively steep, dominant waves occurring in groups. 

The third mechanism is the influence of the short waves on the energy transfer 
direct to long waves by normal stresses. This has been the subject primarily addressed 
in G & T and this work. It should be noted that an additional contribution to the 
energy transfer has been neglected in these studies. This is 

< - C(P’ dz;/w), 

where p‘ is the fluctuating pressure and z i  is the short-wave contIibution to 2,. Thus 
the energy transfer rates may be a little higher than the values presented, which show 
a dramatic increase for small amplitude long gravity waves. 
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